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ABSTRACT
F ro h l tc h  has developed a Ham i l ton ian  to  descr ibe  the motion 
o f  a s i n g le  Bloch conduct ion  e le c t r o n  In an Io n ic  s o l i d ,  in c lu d in g  
the i n t e r a c t i o n  o f  the e le c t r o n  w i t h  the p o l a r i z a t i o n  f i e l d  which 
the e le c t r o n  induces in the s o l i d .  The l o w - l y in g  energy s ta te s  o f  
F r o h l i c h ' s  H am i l ton ian  are d e s c r i p t i v e  o f  a s i n g le  p a r t i c l e ,  c a l l e d  
the po la ro n ,  c h a ra c te r iz e d  by a s e l f - e n e rg y  and an e f f e c t i v e  mass.
The po la ron  may be regarded as a composite e n t i t y  c o n s is t i n g  o f  
the Bloch e le c t ro n  toge the r  w i t h  i t s  accompanying p o l a r i z a t i o n  f i e l d .  
In  I t s  dirnens ion less  form, the Ham i l ton ian  and, t h e r e f o r e ,  a lso  the 
s e l f - e n e rg y  and e f f e c t i v e  mass, are fu n c t io n s  o f  a s in g le  parameter ,  
c a l l e d  the po la ron  c o u p l in g  cons tan t ,w h ich  measures the s t re n g th  
w i t h  which the e le c t r o n  in t e r a c t s  w i th  the p o l a r i z a t i o n  f i e l d  o f  the 
sol* id. The po la ron  problem is  o f  i n t e r e s t  not  o n ly  because o f  I t s  
I n t r i n s i c  va lue to  s o l i d  s ta te  p h y s ic s ,  but a ls o  because i t  p rov ides  
a r e l a t i v e l y  s imple but r e a l i s t i c  example problem o f  the quantum 
mechanical d e s c r i p t i o n  o f  a p a r t i c l e  I n t e r a c t i n g  w i t h  i t s  s e l f ­
produced, quant ized  f i e l d .  The re fo re ,  the c o u p l ing  cons tan t  Is 
regarded as an a r b i t r a r y  parameter.
F r o h l i c h ' s  Ham i l ton ian  Is de r ived  and d iscussed and research 
l i t e r a t u r e  on the po la ron  problem is  s e l e c t i v e l y  reviewed. The
Iv
motion o f  e po la ron  in a magnetic f i e l d  is then cons idered.  I t  Is 
shown th a t  the s e l f - e n e rg y  and e f f e c t i v e  mass as de f ined  by F ro h l i c h  
f o r  a f re e  po la ron  a ls o  c h a ra c te r i z e  the l o w - l y i n g  energy s ta tes  o f  
a po la ron  in a weak magnetic f i e l d  e x a c t l y ,  regard less  o f  the 
s t re n g th  o f  the po la ron  c o u p l in g ,  and tha t  ( t o  f i r s t  o rder  In the 
magnetic  f i e l d )  a c y c lo t r o n  resonance experiment would measure the 
F r o h l i c h  po la ron  mass. In the case o f  weak c o u p l in g ,  the c y c lo t r o n  
mot ion o f  a po la ron  may be s imp ly  descr ibed  by the use o f  p e r tu r b a t io n  
the o ry .
T r i a l  s ta te  f u n c t io n s  are proposed fo r  the low-energy s ta tes  o f  
a s t r o n g l y  coupled po la ron  in a weak magnetic f i e l d .  These t r i a l  
s t a t e  fu n c t io n s  are cons t ruc ted  on the bas is  o f  a re f inement o f  the 
i n t u i t i v e  p i c t u r e  o f  a composite p a r t i c l e  w i th  f i x e d  s t r u c tu r e  whose 
cen te r  behaves as a p o in t  charge in the magnetic f i e l d .  The r e s u l t a n t  
t r i a l  s ta te  fu n c t io n s  d i s p la y  many o f  the fe a tu re s  which must be 
•possessed by the unknown exact l o w - l y i n g  energy s ta tes  which they
m
p u rp o r t  to  approx imate . The po la ron  s e l f - e n e rg y  c a lc u la te d  from 
these t r i a l  s ta te s  fu n c t io n s  agrees w i th  w e l l  e s ta b l i s h e d  r e s u l t s .
The r e s u l t a n t  e f f e c t i v e  mass agrees w i th  the consensus o f  r e s u l t s  
o f  p rev ious  work, but the l a t t e r  is not e s ta b l i s h e d  as n e c e s s a r i ly  
c o r re c t  e i t h e r  on exper imenta l  or t h e o r e t i c a l  grounds. This 
agreement p rov ides  s i g n i f i c a n t  independent support to  the b u lk  o f  
p rev ious  po la ron  e f f e c t i v e  mass c a l c u la t i o n s .
v
CHAPTER 1
INTRO0UCTION
I .  The D e f i n i t i o n  o f  the Polaron
I f  a charged p a r t i c l e  o f  s u f f i c i e n t l y  low k i n e t i c  energy 
is in t roduced in to  a p o ia r i z a b le  medium, the charged p a r t i c l e  w i l l  
induce a p o l a r i z a t i o n  f i e l d  which w i l l  be concent ra ted  in a reg ion 
which moves through the medium w i th  the p a r t i c l e .  C oncep tua l ly ,  
the p a r t i c l e  and i t s  accompanying p o l a r i z a t i o n  f i e l d  may be 
regarded as a composite p a r t i c l e ,  c a l l e d  a po la ro n ,  and descr ibed 
in terms o f  e f f e c t i v e  parameters.
In most h i s t o r i c a l  a p p l i c a t i o n s ,  the charged p a r t i c l e  has 
been an e le c t ro n  in an o therw ise  vacant conduct ion band o f  an io n ic  
l a t t i c e .  The p o l a r i z a t i o n  f i e l d  a r is e s  from disp lacement o f  the 
ions from t h e i r  re sp ec t ive  l a t t i c e  s i t e s  and from d i s t o r t i o n  o f  
the ions r e s u l t i n g  from the presence o f  the e le c t r o n .  In the 
absence o f  such e f f e c t s ,  F. Bloch* has shown th a t  i t  is f r e q u e n t l y  
p o s s ib le  to  regard the conduct ion  e le c t r o n  as behaving much as i t  
does in a vacuum, but w i t h  an e f f e c t i v e  mass ( c a l l e d  the Bloch mass) 
In general d i f f e r e n t  from th a t  o f  the f ree  e le c t r o n .  With I t s  mass 
so ad jus ted ,  the e le c t r o n  is c a l l e d  a Bloch conduct ion  e le c t r o n .
I f  c o n d i t io n s  are se le c ted  so tha t  such an approx im at ion  is  p o s s ib le ,
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then the po laron may be regarded as a Bloch conduct ion  e le c t r o n  
together  w i th  i t s  accompanying p o l a r i z a t i o n  f i e l d  which the e le c t r o n  
induces and w i th  which the e le c t ro n  i n t e r a c t s .
2. The Formula t ion  o f  the Polaron Problem
2
The po la ron  problem was f i r s t  developed by L. 0. Landau 
in 1933 but was put  In to  i t s  present  form by H. F r o h l i c h ^  in 195^. 
F ro h l i c h  fo rmu la ted  the problem In terms o f  a H am i l ton ian  w r i t t e n  
as the sum o f  three p a r ts :
H ■ hbe + Hp + “ V  ( , )
This  Hami l ton ian  is  de r ived  in Chapter 2. The f i r s t  term, Hg^,
descr ibes  the Btoch conduct ion e le c t ro n  as a f re e  p a r t i c l e  w i t h  a
sca la r  mass a p p ro p r ia te  fo r  an e le c t ro n  w i th  energy near the 
bottom o f  the conduct ion band o f  the Io n ic  s o l i d .  The second 
term, H^, represents  the energy o f  the l o n g i t u d in a l  o p t i c a l  
v i b r a t i o n a l  modes o f  the l a t t i c e ,  a l l  regarded as having the same 
frequency. A l l  o th e r  modes o f  the i o n ic  s o l i d  are neg lec ted ,  and 
the s o l i d  Is t re a te d  as a homogeneous, i s o t r o p i c ,  cont inuous medium. 
The la s t  term, o ^ H | , is the H am i l ton ian  o f  i n t e r a c t i o n  o f  the Bloch 
conduct ion  e le c t r o n  w i th  the p o l a r i z a t i o n  f i e l d  r e s u l t i n g  from the 
l o n g i t u d in a l  o p t i c a l  modes o f  the i o n ic  s o l i d .  The c o e f f i c i e n t  a  
is a d imension less con s tan t ,  c a l le d  the  po la ron  c o u p l in g  cons tan t .
As a t y p i c a l  exampte, a  is  about 2 fo r  AgBr.
In the study o f  the po la ron  problem, some o f  the q u a n t i t i e s  
o f  p r i n c i p a l  i n t e r e s t  are the po la ron  s e l f - e n e rg y  ( the  g roundsta te  
e igenva lue o f  H) and the e f f e c t i v e  mass o f  the po la ro n ,  along w i t h
the r e s u l t s  o f  m o b i l i t y ,  c y c lo t r o n  resonance, and magnetic s u s c e p t i ­
b i l i t y  exper iments .  I t  is p r im a r i l y  a t h e o r e t i c a l  d e s c r ip t i o n  o f  
the c y c lo t r o n  resonance o f  the po la ron  which w i l l  be considered in 
t h i s  d i s s e r t a t i o n ,
3. The S ig n i f i c a n c e  o f  the Polaron problem
The p ro p e r t i e s  o f  a Bloch conduct ion e le c t ro n  in an io n ic  
s o l i d  have an i n t r i n s i c  i n t e r e s t ,  and c e r t a i n  exper imenta l  work has 
been pub l ished  (see Chapter 5 ) .  To a l im i t e d  e x te n t ,  the po la ron  
model has been a p p l ie d  to  the study o f  metal-ammonia s o lu t i o n s  as 
w e l l .  Aside from these a p p l i c a t i o n s ,  there is  cons iderab le  i n t e r e s t  
in the po la ron  problem as a p ro to type  and t e s t i n g  ground f o r  f i e l d -  
t h e o r e t i c  methods. The F r o h l i c h  "  ’ ’ ton ian  represents  a s in g le  
bare p a r t i c l e  i n t e r a c t i n g  w i th  a quant ized sca la r  f i e l d ,  where both 
the p a r t i c l e  and the f i e l d  are t re a te d  In a n o n - r e l a t i v l s t  Ic a p p ro x i ­
mation. The problem d is p la y s  none o f  the troublesome I n f i n i t i e s  
and divergences which plague o th e r ,  p a r t i c u l a r l y  r e l a t  I v l s t i c ,  
f i e l d  th e o r ie s .  I t  has a l ready  p rov ided  i n s t r u c t i v e  a p p l i c a t i o n s  
o f  many f i e l d - t h e o r e t i c  methods, e s p e c ia l l y  v a r i a t i o n a l  approx im at ion
methods. Among these,  Feynman's v a r i a t i o n a l  path  In te g ra l  a p p ro x l -  
Z; 5
mation method * is p a r t i c u l a r l y  no tewor thy .
In t h i s  d i s s e r t a t i o n  the development o f  the po la ron  
problem w i l l  be In terms o f  the h i s t o r i c a l  con tex t  o f  a conduc t ion  
e le c t ro n  in an io n ic  s o l i d ,  but because o f  the extended I n t e r e s t  in 
the po laron problem, the po la ro n  c ou p l ing  c o n s tan t ,  a ,  w i l l  not be
7
r e s t r i c t e d  to  i t s  range o f  values a p p ro p r ia te  fo r  io n ic  s o l i d s  
( rou g h ly  .5 < a  < 6 ) .
4. C yc lo t ron  Resonance
A c y c lo t r o n  resonance experiment Is e s s e n t i a l l y  an 
exper iment to determine the e f f e c t i v e  mass o f  a charge c a r r i e r  in  
a medium. A constant  un i fo rm  magnetic f i e l d  is  imposed to  cause 
the charge c a r r i e r  to  move ( I n  a c l a s s i c a l  sense) in c i r c u l a r  
"Landau o r b i t s , "  d i f f e r i n g  In energy by a q u a n t i t y  which depends, 
among o th e r  t h in g s ,  on the mass o f  the c a r r i e r .  I f  an e s s e n t i a l l y  
monochromatic e le c t ro m a gn e t ic  f i e l d  is  a p p l ie d  to  the medium, 
resonant power a b s o rp t ion  w i l l  be observed when the c i r c u l a r  
frequency o f  the a p p l ie d  f i e l d  ( t im es  h)  equals the energy d i f f e r e n c e  
between Landau o r b i t s .  From the magnetic f i e l d  s t re n g th  and the
resonant frequency,  the mass can be found.
For a magnetic f i e l d  o f  a r b i t r a r y  s t re n g th ,  i t  would not
be j u s t i f i e d  to  presume th a t  the c y c lo t r o n  motion is  assoc ia ted  w i t h
the po la ron  as a whole w i th  the same in te rn a l  s t r u c t u r e  as a f re e  
po la ro n .  In  the appendix i t  is  proved, however, tha t  f o r  any f i x e d  
va lue o f  the po la ron  cou p l ing  co n s ta n t ,  )n the weak magnetic f i e l d  
l i m i t ,  a c y c lo t r o n  resonance experiment does measure the e f f e c t i v e  
mass o f  a f re e  po la ron  at  r e s t .  For t h i s  reason, t h i s  d i s s e r t a t i o n  
w i l l  be concerned w i t h  a d e s c r i p t i o n  o f  a po la ron  o n ly  in a 
l l m i t i n g l y  weak magnetic f i e l d .
5. Some Conventions
To d i s t i n g u i s h  va r ious  masses, the fo l l o w in g  convent ions  
w i l l  be used. The Bloch mass o f  the e le c t r o n  w i l t  be denoted by m.
The f re e  e le c t ro n  mass w i l l  be w r i t t e n  as m . The e f f e c t i v e  mass o fe
a f re e  po la ron  at  re s t  w i l l  be c a l l e d  the po la ron  mass and denoted 
by mfr. The r a t i o  m*/m w i l l  be w r i t t e n  as /j:
« fTr-V/m . (2)
In the l i t e r a t u r e ,  u n fo r t u n a t e l y ,  both nr-v and n are r e f e r r e d  to  as 
the po la ron  mass. To avo id  m isunders tand ing ,  / i  w i l l  be c a l l e d  the 
p o la ron  mass r a t i o .  I t  is  convenient to  in t roduce  /j s ince i t  is a 
u n ive rsa l  fu n c t io n  o f  the po la ron  co u p l in g  con s tan t .
The magnitude o f  the e l e c t r o n ' s  charge w i l l  be denoted e, 
so th a t  the ac tua l  charge on the e le c t r o n  is -e .  Rectangular  
c a r te s ia n  vec to rs  w i l l  be denoted in the usual manner by p la c in g  an 
arrow over the symbol fo r  the v e c to r .  In terms o f  I t s  re c ta ng u la r  
c a r te s ia n  components A j , A^, a v e c to r  w i l l  be w r i t t e n :
A = ( A p A ^ . A ^ ) .  The l e t t e r  H wl 1 1 be reserved f o r  Ham i l ton ian  
o p e ra to rs ,  and the symbol f o r  t r i a l  s ta te  fu n c t io n s .  The n o ta t io n  
0 ( a n) denotes a term which Is o f  o rder  n In the parameter a.
The symbol U, sub sc r ip te d  as re q u i re d ,  w i l l  be reserved fo r  
u n i t a r y  t ra n s fo rm a t io n s .  Where a p p ro p r ia te ,  the r e s u l t  o f  a p p ly ing  
the t ra n s fo rm a t io n  U to  an opera to r  0 w i l l  be expressed in the form
0 = > u +0U, (3)
and the r e s u l t  o f  app ly ing  U to  a s ta te  fu n c t i o n  y w i l l  be expressed 
In the form (4)
When t h i s  n o ta t io n  is  used, the  t ra n s fo rm a t io n  under c o n s id e r a t io n  
w i l l  be presumed to  be unders tood,  and no e x p l i c i t  n o ta t io n  w i l l  be 
used tu  d i s t i n g u i s h  o r i g i n a l  q u a n t i t i e s  from trans fo rmed ones.
CHAPTER 2
3 6
DEVELOPMENT OF THE HAMILTONIAN 
7 8I .  The Bloch Approx imat ion  ’
Consider the motion o f  a s in g le  e le c t r o n  In an o th e rw ise  
vacant conduct ion  band o f  an io n ic  s o l i d .  In the Bloch app rox im a t ion ,  
the e le c t ro n  is  supposed to  move in a p e r i o d ic  e l e c t r o s t a t i c  
p o t e n t i a l  produced by the ions o f  a p e r f e c t  i o n ic  l a t t i c e .  The ions 
are presumed to  be s t a t i c  and r i g i d l y  a t tached to  t h e i r  l o c a t io n s  
in  the l a t t i c e ;  they do not reac t  in any way to  the presence o f  the  
e le c t r o n .
In  the po la ron  problem, one w ishes to  t r e a t  the band 
s t r u c t u r e  o f  the s o l i d  In as s imple a manner as p o s s ib le ,  c o n c e n t ra t ­
ing ra th e r  on the e l e c t r o n - p o l a r i z a t i o n  f i e l d  i n t e r a c t i o n .  The 
r e l a t i o n  between the energy, T , and the wave v e c to r ,  I t ,  o f  the 
e le c t r o n  may in general be q u i t e  com p l ica te d ,  bu t  by r e s t r i c t i n g  
a t t e n t i o n  to  an e le c t r o n  o f  energy near the bottom o f  the conduc t ion  
band, the energy o f  the e le c t r o n  measured r e l a t i v e  t o  the bottom o f  
the conduct ion  band can be presumed to  be o f  the s imple form
T ,  -  ( h k ) 2/(2m) (5)
in the case o f  i s o t r o p i c  s o l i d s ,  f o r  which the Bloch mass m is  a 
s c a la r .  A ls o ,  f o r  a s u f f i c i e n t l y  la rge  c r y s t a l ,  k Is e s s e n t i a l l y  a 
con t inuous v a r i a b l e ,  so t h a t  the energy versus wave-vec to r  r e l a t i o n
6
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(5) is the same as f o r  a f re e  p a r t i c l e  o f  mass m. I t  w i l l  be 
presumed hence fo r th  th a t  the io n ic  s o l i d  is  i s o t r o p i c  and th a t  T 
is  small enough th a t  (5) is  a p p l i c a b le .  In p a r t i c u l a r  p hys ica l  
a p p l i c a t i o n s ,  t h i s  assumption should be checked fo r  co n s is te ncy .
The Bloch approx imat ion  is  not adequate f o r  the d e s c r i p t i o n  
o f  a conduct ion e le c t r o n  in an io n ic  l a t t i c e  because, In the 
v i c i n i t y  o f  the e le c t r o n ,  the unsh ie lded Coulomb f i e l d  o f  the 
e le c t ro n  w i l l  s i g n i f i c a n t l y  deform the ions and d isp la c e  them from 
t h e i r  l a t t i c e  s i t e s .  N eg le c t ing  de form at ion  f o r  the moment, the 
e l e c t r i c  f i e l d , A  E, exper ienced by the e le c t r o n ,  and not accounted 
f o r  in the Bloch approx im at ion ,  is  equal to  the t o t a l  f i e l d  o f  the 
d isp laced  ions minus the s t a t i c  f i e l d  whicn would r e s u l t  i f  the 
ions were to  remain f i x e d  a t  t h e i r  l a t t i c e  s i t e s .  Hence A t :  Is  the 
e l e c t r i c  f i e l d  which would be produced i f  each l a t t i c e  s i t e  were 
occupied by a d tp o le  moment equal to  the disp lacement o f  the ion 
from th a t  s i t e  t imes the charge o f  the ion .  For a s lo w ly  moving 
e le c t r o n ,  the e l e c t r o n ' s  wavelength w i l l  spread over many l a t t i c e  
s i t e s ,  and f o r  the purpose o f  c a l c u l a t i n g  the e f f e c t i v e  va lue o f  
A ?  experienced by the e le c t r o n ,  macroscopic d i e l e c t r i c  methods may 
be employed. A c c o rd ing ly  ( i n  the cgs Gaussian u n i t  system)
A t  -  -AtrP, (6)
where P Is the macroscopic p o l a r i z a t i o n  f i e l d  due to  Io n ic  
d isp lacement and is  c a lc u la te d  as the average d ip o le  moment pe r  
u n i t  volume, averaged over a reg ion which con ta ins  many l a t t i c e
s i t e s ,  but which has a diameter small  compared to  the e l e c t r o n ' s  
wavelength . In a s im i l a r  way, the Bloch approx imat ion  a ls o  neg lec ts  
an e l e c t r i c  f i e l d  A  Ed experienced by the e le c t r o n  and a r i s i n g  from 
Ion ic  de fo rm a t ion ,  w i th
A E d -  -% P d (7)
where P^ is  the macroscopic p o l a r i z a t i o n  f i e l d  due to  io n ic  
deformat ion.
The t o t a l  macroscopic p o l a r i z a t i o n  f i e l d  is
PT ( r )  “  P(7) + Pd ( r ) , (8)
and the t o t a l  e l e c t r i c  f i e l d  exper ienced by the e le c t ro n  but 
neg lec ted  in the Bloch approx imat ion  is
A ? T “ -*itrPT . (9)
The t o t a l  macroscopic e l e c t r i c  f i e l d  in the s o l i d  is
t  -  B + A ?T . ( 10)
where D is the e l e c t r i c  d isp lacement f i e l d ,  which is j u s t  the 
Coulomb f i e l d  o f  the conduc t ion  e le c t r o n ,  the o n ly  " f r e e "  charge 
p r e s e n t , Thus
5<?) -  - S  - s —  . ( i i )
d r  l r - r e l
where re is the coo rd in a te  v e c to r  o f  the e le c t r o n .  In  the absence 
o f  p o l a r i z a t i o n  e f f e c t s ,  the io n ic  l a t t i c e  produces no macroscopic 
e l e c t r i c  f i e l d  s ince t t  is m ac roscop ica l1y n e u t r a l .
11 wi11 be assumed hence fo r th  th a t  the e l e c t r o n ' s  wave 
f u n c t io n  does not s i g n i f i c a n t l y  change over a reg ion  o f  many l a t t i c e  
s i t e s  so th a t  the e l e c t r i c  f i e l d  A  exper ienced by the Bloch
conduct ion  e le c t ro n  Is given by (9) wherein P^ Is the t o t a l  macro­
scop ic  e l e c t r i c  p o l a r i z a t i o n  f i e l d  (due to io n ic  de format ion  and 
disp lacement o f  Ions from t h e i r  l a t t i c e  s i t e s ) .  Again ,  In 
p a r t i c u l a r  a p p l i c a t i o n s ,  t h i s  assumption should be checked fo r  
cons is tency .
2, The P o la r i z a t i o n  F ie ld ^
One o f  the sources o f  the p o l a r i z a t i o n  f i e l d  is  the 
disp lacement o f  Ions from t h e i r  normal p o s i t i o n s  In the l a t t i c e .
Th is  io n ic  d isp lacement is  a dynamic e f f e c t ,  s ince I t  In tu rn  Is 
caused by the presence o f  the moving e le c t r o n .  F o l low ing  the usual 
procedure in l a t t i c e  dynamics, one may cons ider the motions o f  the 
in d iv id u a l  ions as the r e s u l t  o f  c o l l e c t i v e  motions ( th e  normal 
modes) o f  the  e n t i r e  l a t t i c e .  Each o f  these modes d isp laces  the 
ions ,  producing d ip o le  moments in the medium. The c o n t r i b u t i o n  
o f  each mode to  the p o l a r i z a t i o n  vec to r  Is determined by averag ing 
the r e s u l t a n t  d ip o le  moments over a reg ion  o f  d iameter la rge  
compared to  the l a t t i c e  spacing but small  compared to  the wave­
leng th  o f  the e le c t r o n .
The normal modes may be d iv id e d  rough ly  in to  two groups; 
the a co u s t ic a l  modes and the o p t i c a l  modes. In an a c o u s t ic a l  mode, 
a l l  the Ions in one h a l f -w ave le ng th  reg ion  between nodal planes 
v i b r a t e  in one d i r e c t i o n ,  a l l  those in the next h a l f -w a ve le n g th  
reg ion  v i b r a t e  in the oppos i te  d i r e c t i o n ,  and so on. Over most o f  
the l a t t i c e ,  th e re fo re ,  ad jacent  ions v i b r a t e  in the same d i r e c t i o n .
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In  an t o n i c  c r y s t a l ,  a d ja c e n t  ions are  o p p o s i t e l y  cha rged ,  so in  an 
a c o u s i t c a l  inode, n e ig h b o r in g  d ip o l e  moments a re  p re d o m in a n t l y  
o p p o s i t e l y  d i r e c t e d ,  and in  the a v e ra g in g  p rocess  th e re  i s  much 
c a n c e l l a t i o n .  In  an o p t i c a l  mode, a d ja c e n t  ions In a l l  h a l f - w a v e ­
le n g th  re g io n s  between nodal p lanes  v i b r a t e  in  o p p o s i t e  d i r e c t i o n s ;  
n e ig h b o r in g  d ip o l e  moments are p a r a l l e l  and add c o n s t r u c t i v e l y .  The 
r e s u l t i n g  c o n t r i b u t i o n  to  the  p o l a r i z a t i o n  is  l a rg e  compared to  the  
c o n t r i b u t i o n  o f  an a c o u s t i c a l  mode, and in c o n ^ a r i s o n  one Is  
j u s t i f i e d  in  e n t i r e l y  n e g l e c t i n g  the p o l a r i z a t i o n  f i e l d  due t o  the  
a c o u s t i c a l  modes. F u r th e rm o re ,  the t o t a l  d i p o l e  moments In each o f  
two success ive  h a l f - w a v e le n g t h  re g io n s  between the  nodal p lanes  o f  
an o p t i c a l  mode are  o p p o s i t e l y  d i r e c t e d .  As a r e s u l t ,  d e s t r u c t i v e  
a v e ra g in g  occu rs  f o r  s h o r t  w ave le ng ths ,  and c o n s t r u c t i v e  a v e ra g in g  
o ccu rs  f o r  long w a ve le n g th s .  I t  i s  conc luded ,  t h e r e f o r e ,  t h a t  the 
majo r  c o n t r i b u t i o n  o f  i o n i c  d isp la cem e n ts  to  the  p o l a r i z a t i o n  f i e l d  
comes from the long w ave leng th  o p t i c a l  modes.
The p o l a r i z a t i o n  f i e l d  due to  I o n i c  d is p la c e m e n t ,  P ( r ) ,
w i l l  be expressed in  terms o f  a s c a la r  p o t e n t i a l  (6(r) d e f i n e d  by
- V - T T P W  = - & < ! > ( ? ) .
r  ( 12)
The p o t e n t i a l  energy  o f  i n t e r a c t i o n  o f  the  Bloch  c o n d u c t io n  e l e c t r o n
w i t h  the f i e l d  is
V, “  -ed (7e) .  (13)
I I
Using the p a r t i c u l a r  form
/• /  _k \   I  I
o( t~ ~ t a )  — i. 7T*vtt 3>** |?-re|
f o r  the D i rac  6 - f u n c t i o n ,  one f in d s  th a t
0 ( f e ) =  J s ( h ' - r a )
I
Ok )
(15)
I h - F U l
(16)
J  I f -  r6 | J r
(17)
where o b ta in in g  the second and t h i r d  o f  these e q u a l i t i e s  re qu i re s  
i n t e g r a t i o n  by p a r t s .  (The su r face  i n te g r a l s  which r e s u l t  can be 
made to  van ish i f  the volume o f  I n t e g r a t i o n  is  bounded by a su r face  
e n t i r e l y  o u ts id e  the m a t e r i a l ,  where 0 ( r )a n d  a l l  i t s  d e r i v a t i v e s  
are z e r o ) . Use o f  ( I I ) ,  ( 1 3 ) ,  and (16) y i e ld s
v i  =
( 18)
Since the d ivergence o f  a t ransverse  wave Is ze ro ,  (17) 
shows th a t  the t ransve rse  modes o f  P(7) do not c o n t r i b u t e  to  ^ ( r )  
and hence do not i n t e r a c t  w i th  the e le c t r o n .  Of the d isp lacement
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modes, t h e r e f o r e ,  o n l y  the long wave length  l o n g i t u d i n a l  o p t i c a l  modes 
i n t e r a c t  s i g n i f i c a n t l y  w i t h  the e l e c t r o n .  These have a c h a rac ­
t e r i s t i c  f re q u e n cy  wh ich  i s  v i r t u a l l y  independent o f  wave v e c t o r .
The i o n i c  d e fo rm a t io n s  a l s o  have c h a r a c t e r i s t i c  f r e q u e n c ie s  
o.^, where As the  e l e c t r o n  reaches a p o i n t  in  i t s  m o t io n ,
the d e fo rm a t io n  p o l a r i z a t i o n  w i l l  tend toward the  e q u i l i b r i u m  con­
f i g u r a t i o n  i t  would  have i f  th e  e l e c t r o n  were a t  r e s t  a t  much 
more r a p i d l y  than the d isp la cem e n t  p o l a r i z a t i o n ,  due to  the  r e l a t i v e l y  
l a rg e  v a lu e  o f  u j j .  By symmetry, the c l o s e r  a p o l a r i z a t i o n  f i e l d  
approaches i t s  e q u i l i b r i u m  c o n f i g u r a t i o n ,  the le s s  fo r c e  i t  e x e r t s  
on the e l e c t r o n .  Hence, the e f f e c t  o f  the  d e fo r m a t io n  p o l a r i z a t i o n  
on a s l o w l y  moving e l e c t r o n  w i l l  be n e g le c te d  in  compar ison w i t h  the 
much g r e a t e r  fo rc e  e x e r te d  by the d isp la ce m e n t  p o l a r i z a t i o n .  In  
terms o f  i n t e r a c t i o n  w i t h  the e l e c t r o n ,  t h e r e f o r e ,  one is  concerned 
o n ly  w i t h  the p o l a r i z a t i o n  due to  the  long  wave leng th  l o n g i t u d i n a l  
o p t i c a l  modes o f  l a t t i c e  d is p la c e m e n t ,  P ( r ) ,  w h ich  have a s i n g l e  
c h a r a c t e r i s t i c  f re q u e n cy  o f  f r e e  o s c i l l a t i o n ,
C ons ider  the p o l a r i z a t i o n  o f  the  i o n i c  s o l i d  r e s u l t i n g  from 
an a p p l i e d  e l e c t r i c  d isp la ce m e n t  f i e l d  D, The t o t a l  p o l a r i z a t i o n  
can be re s o lv e d  I n t o
?T -  P + Pd, (19)
where P, is  due t o  I o n i c  d e fo rm a t io n .  ?  s a t i s f i e s  the e q u a t io n  
d T
1 = 0 -  , (20)
where T is the t o t a l  (macroscopic) e l e c t r i c  f i e l d .  In the case o f  
s t a t i c  f i e l d s ,
PT -  f t ,  (21)
where c is the s t a t i c  d i e l e c t r i c  con s tan t .  Hence, f o r  the s t a t i c  
case .
PT = vV('-r)o.
(22)
A s i m i l a r  equat ion  in v o lv in g  P. can be ob ta ined  i f  one a p p l ie s  tod
the medium an a l t e r n a t i n g  disp lacement f i e l d  o f  frequency cc* such 
th a t  The io n ic  d isp lacement p o l a r i z a t i o n  P would then
reac t  so s lo w ly  as to  respond on ly  to  the t ime averaged zero f i e l d ,  
and hence P would van ish .  The de format ion  o s c i l l a t i o n s  would re ac t  
so r a p id l y  as to respond in e s s e n t i a l l y  the same way th a t  they would 
to  a s t a t i c  f i e l d .  Thus, f o r  a s t a t i c  d isp lacement f i e l d  one ob ta ins
(23)
where < Is a d i e l e c t r i c  constant c h a ra c te r is t ic  o f  the medium ato
the frequency a, ' , Combining (1 9 ) ,  (2 2 ) ,  and (2 3 ) ,  one o b ta in s ,  fo r  the 
s t a t i c  case
P = rir(f-f) d.
C h a r a c t e r i s t i c a l l y ,  ^  Is In the i n f r a r e d  re g io n ,  a/ in the o p t i c a l  
re g io n ,  and in the u l t r a v i o l e t  a b s o rp t io n  re g ion .  Hence
\ k
rep resen ts  the o p t i c a l  d i e l e c t r i c  constant  be fo re  the onset o f
2
u l t r a v i o l e t  a b so rp t io n .  I t  may be w r i t t e n  as f Q » n , where n Is 
the o p t i c a l  r e f r a c t i v e  index o f  the medium.
3. The C la s s ic a l  Hami l ton ian
The p o l a r i z a t i o n  f i e l d  w i l l  be reso lved in to  i t s  normal 
modes In the form
p m  = Arf A(H) e‘ ‘ d3t
(25)
Aft) = A\jV(F)e"lfc‘V p
( 26)
where N and M are con s tan ts .  is  the ampl i tude o f  the p o la r ­
i z a t i o n  f i e l d  l*(r^) w i th  wave vec to r  It and must be p r o p o r t i o n a l  to  
the correspond ing ampl i tude o f  the l o n g i t u d in a l  o p t i c a l  l a t t i c e  ' 
modes which produce P ( r ) . Hence the k i n e t i c  energy Tp assoc ia ted  
w i t h  the p o l a r i z a t i o n  f i e l d  P is p r o p o r t i o n a l  to
/lAGOlV/T
(27)
and may be expressed by use o f  (26) as
Tp = f i ^ [ m f d 3r,
(28)
where 3 Is  a p r o p o r t i o n a l i t y  con s tan t .  The p o t e n t i a l  energy Vp
15
f o r  the p o l a r i z a t i o n  f i e l d  must be
(29)
tn order  f o r  P to  have a f ree  o s c i l l a t i o n  frequency corresponding 
to  the frequency o f  the long wavelength lo n g i t u d in a l  o p t i c a l  modes 
which produce P.
The Lagrang ian  f o r  the system is  c o n s t r u c te d  in  the  form
f = T 6  - T p - V p - V r
= ±ml?e I3 + f [£ lP(r)]
(30
(31)
where V. Is taken from (18 ) .  The momenta con jugate  to  7 and P ( r ) ,
I 6
—* A
taken as gene ra l ized  coo rd ina tes  fo r  the system, are pg “  mr^ and 
f f ( r )  =• j3P(r) r e s p e c t i v e l y .  The Lagrangian equat ion  o f  motion f o r  
the p o l a r i z a t i o n  f i e l d  is
P(7) + t^2P(7) -  ( 1 / 0 ) 0(7), (32)
which must reduce to  (2U) in the steady s ta te  l i m i t  where the second 
o rder  t ime d e r i v a t i v e  o f  P van ishes.  Hence
I
P b-TT (i-il (33)
The c l a s s i c a l  H a m i l to n ia n  H£ is then g ive n  by
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(36)
and
Hc =  Pe -F e +  J T R P ) • PCrt c /3 f  -  J
(3*0
= 4 r + + P3(ti]Ss *«*(?)
(35)
w i t h  the Polsson b ra c k e ts
Si,
{ p j f ) ,  ITff')] = S.. S(r-e-).
(37)
The q u a n t i t i e s  P, f f ,  and (S are now to  be expanded i n t o  
F o u r i e r  components p r e p a r a t o r y  to  q u a n t i z a t i o n  o f  the  p o l a r i z a t i o n  
f i e l d .  The se t  o f  f u n c t i o n s
(38)
forms a comple te  o r thono rm a l  se t o f  v e c t o r  f u n c t i o n s  ( f o r  expans ions  
o f  l o n g i t u d i n a l  f i e l d s )  s u b je c t  to  p e r i o d i c  boundary c o n d i t i o n s  ove r  
a cube o f  volume VaL , p r o v id e d  each component,  Wj,  o f  w s a t i s f i e s
the c o n d i t i o n
w, = (2 i r /L )n ,  (39)
f o r  some In tege r  n j .  In the l i m i t  o f  la rge no rm a l iz a t io n  volume V, 
w becomes a cont inuous v a r ia b le ,  and sums may be converted to  
i n te g r a l s  by the replacement
V_
( a n )3 )  e /'vS  
(<*o)
The ( re a l  va lued) f i e l d s  P ( r )  and ir(V) may be expanded In to  
the F o u r ie r  forms
v ■ w  ( 1*0
and
( ^ 2)
By inspec t ion  and re fe rence  to  (1 2) , i t  can be seen th a t
^ =Vir‘ ( b i v )  « ( y S e ' w V*-*.c .).
(**3)
The s u b s t i t u t i o n  o f  these expansions In to  (35) y i e ld s
V 1 I *
Equations (* f l )  and (*i2) can be in v e r te d  to  o b ta in
t , = ( f f i - f z  /fPfr)* k
<**5)
Equations (37) and (**5), toge the r  w i th  the d e f i n i t i o n  o f  the 
Polsson b ra c k e t ,  can be used to  c a lc u la te
=  J c .  r  0 (1*6)
and
f  b - +  b - *  ^  “  T¥  — 'C W j  U W  J  i-h  ° W ,  W  \
(*♦7)
I t  Is convenient  a t  t h i s  p o in t  to  in t roduce  a na tu ra l
system o f  u n i t s  (e q u iv a le n t  in e f f e c t  to  s e t t i n g  h  3 31 2m » 1)
in which length  is measured in u n i t s  o f
I
W  = f f c / ( 2 m ^ 0) ] *  m
t ime in u n i t s  o f  \  and mass in u n i t s  o f  2m. Th is  leads to  the
measurement o f  momentum in u n i t s  o f  h / u  and o f  energy in u n i t s  o f
The f o l l o w in g  d imens ion less q u a n t i t i e s  a re  in t roduced:
H -  Hc / (h u j )) (^9)
S =* u " 3V (50)
x -  u_1r3 ( 5 0
v -  uw ( 52)
K » ( u /h )p e (53)
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(5*0
i'o  -  C ^ n o i / S )
(55)
The In t r o d u c t io n  o f  these q u a n t i t i e s  in to  (*(*+) produces the 
dimens Ion less Ham i l ton ian
Dimensionless forms o f  the o th e r  preced ing equat ions  w i l l  not be 
re q u i re d .  One should note th a t  a l l  Poisson b racke ts  have been 
expressed w i t h  respect  to  the o r i g i n a l  (d im ens iona l )  coo rd ina tes  
and momenta and hence th a t  the Poisson b racke ts  o f  d imens ion less 
q u a n t i t i e s  have u n i t s  o f  re c ip ro c a l  a c t i o n .
Equation (UO) may be r e w r i t t e n  in the form
(57)
• and (35) in  the form
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4. The Quantum Meehanical Hami l ton ian
The f i r s t  requirement f o r  q u a n t i z a t io n  is t h a t  a l l  p roduc ts  
o f  real dynamical v a r ia b le s  be w r i t t e n  In symmetrical  form. Thus 
( 56) is w r i t t e n
H = Kfl
(59)
The fundamental dynamical v a r ia b le s  x, K, b^ ,  and b^* ( i n  terms o f  
which a l l  o th e r  dynamical v a r ia b le s  may be expressed) w i l l  be 
rep laced by quantum mechanical o p e ra to rs  obeying commutation ru le s  
g iven by the p r e s c r i p t i o n
£ Q  > Qz  ] = ^  { Q  > @2 ] ,
(60)
where 0 j and 0  ̂ denote op e ra to rs  o r  cor respond ing dynamical 
v a r ia b le s  as a p p ro p r ia te .  Except f o r  the replacement o f  *
(d e no t in g  complex c o n ju g a t io n  o f  a dynamical v a r ia b le )  by the more 
conven t iona l  + (deno t ing  Hermit Ian c o n ju g a t io n  o f  an o p e r a t o r ) ( no 
e x p l i c i t  n o ta t io n  w i l l  be In t roduced to  denote the new op e ra to r  
s ta tu s  o f  the o ld  dynamical v a r ia b le s .
The f o l l o w in g  commutation ru le s  f o l l o w  from (4 6 ) ,  (4 7 ) ,  
( 58) ,  and (60) :
[b?, b0.] = [b* , J = 0  (61)
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1 bt f ,  !>?• ]  "  S ? , ? '
(62 )
[  * L ,  f T j ]  =  ^  ;
(63)
As Is f r e q u e n t l y  conven ien t ,  (63) w i l l  be s a t i s f i e d  by ta k in g  the
o p e ra to r  form o f  x as denot ing  m u l t i p l i c a t i o n  by x and the o p e ra to r
■
form o f  K as denot ing  the d i f f e r e n t i a l  op e ra to r
t f - l i r
f t  t  d x  ‘
(64)
By use o f  (61) and (62) one may s i m p l i f y  the second term 
in ( 59) so th a t
H = (ra * H  by fey + ‘^,ZL 'v (b$f e~LV'*-h.c.) ,
V V ?  (65)
where a constan t  term
tVJ - / v v  (66)
has been o m i t te d .  Unless one In t roduces a sho r t  wavelength c u t o f f  
f o r  the wave ve c to r  v ,  such a term is i n f i n i t e ;  in any case, i t  i s  a 
cons tan t  re p re sen t in g  the zero p o in t  energy o f  the l o n g i t u d in a l  
o p t i c a l  modes and does not a f f e c t  the dynamics o f  the problem. The
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three terms In ( 65) re p resen t ,  in u n i t s  o f  the f o l l o w in g  energ ies; 
2
1. K represents  the k i n e t i c  energy o f  a f re e  Bloch e le c t r o n ,  
measured from the bottom o f  the conduct ion  band o f  the io n ic  s o l i d .
2. The term
V  k ?  k v  (6? )
represents  the t o t a l  energy o f  the l o n g i t u d in a l  o p t i c a l  modes o f  
o s c i l l a t i o n  o f  the ions in the absence o f  i n t e r a c t i o n  w i th  the 
conduct ion  e le c t r o n .
3. The remaining term represents  the i n t e r a c t i o n  energy o f  the 
Bloch conduct ion e le c t r o n  and the l o n g i t u d in a l  o p t i c a l  modes o f  
o s c i l l a t i o n  o f  the ions.
The commutation r e la t i o n s  (61) and (62) In d ic a te  th a t  
b^f  and can be regarded as c re a t io n  and d e s t r u c t io n  op e ra to rs  
f o r  a boson (a phonon correspond ing to  the l o n g i t u d in a l  o p t i c a l  
l a t t i c e  modes) o f  wave vec to r  v ; b^ is the o p e ra to r  f o r  the 
number o f  phonons o f  wave v e c to r  v.
The normal ized e ig e n fu n c t io n s  o f  the  Ham i l ton ian  ( 67) o f  
the f re e  phonon f i e l d  w i l l  be w r i t t e n  as
I n*>.
(68)
which represents  a s ta te  in which th e re  are n-» phonons o f  wave
Vj ^
v e c to r  V j , n^ phonons o f  wave ve c to r  V j ,  e t c . ,  where V j , V j . . .  
are a l l  o f  the p o s s ib le  wave vec to rs  de f ined  by ( 39) end ( 52) .
The shortened n o ta t io n
% (69)
w i l l  be used f o r  the phonon vacuum s ta t e .
5. I n t r o d u c t io n  o f  the Magnetic F ie ld *®
The Hami l ton ian  f o r  a po laron In a constan t  un i fo rm  
magnetic f i e l d  w i l l  now be ob ta ined .  The magnetic f i e l d  B w i l l  be 
d i r e c te d  a long the z -a x is  o f  a re c tan g u la r  c a r te s ia n  coo rd in a te  
system w i th  coo rd ina tes  x, y ,  and z. I t  w i l l  be descr ibed by the 
vec to r  p o t e n t i a l
A -  ( - B y .0 ,0 )  (70)
(known as the Landau gauge) and w i l l  be t re a te d  as a c la s s i c a l  
f i e l d .  The medium w i l l  be presumed to  be m a g n e t i c a l l y  I n e r t .  The 
po la ron  Ham i l ton ian  w i th  the magnetic f i e l d  present  can be ob ta ined  
from the f i e l d  f re e  po la ron  Ham i l ton ian  by re p lace in g  the e l e c t r o n ' s  
o r d in a r y  momentum by
Pe + ( e / c ) X ( r e) ,  (71)
where p then represents  the e l e c t r o n ' s  canonica l  momentum. In  ©
terms o f  the d imenslon less q u a n t i t i e s  p r e v io u s ly  d e f in e d ,  t h i s  Is 
e q u iv a le n t  to  r e p la c in g  the e l e c t r o n ' s  dImenslonless momentum i? 
(d e f in e d  In (53 ))  by
K + (ue /hc )A (ux )  (72)
in the equa t ion  ( 65) f o r  the d imenslon less f i e l d  f re e  po la ron  
H am i l ton ian .  S ince,  a f t e r  t h i s  replacement,  K Is s t i l l  the
2k
dimens ion less  form o f  the e l e c t r o n ' s  canonica l  momentum, i t  s t i l l  
obeys (63) and (6 *0 .
With the d e f i n i t i o n s
and
w => Be/ (me) (73)
v
w -  a)c/« 0 , (7*0
the express ion  ( 72) may be w r i t t e n  as
K1 -  K + ( *4ox2 , 0 , 0 ) .  ( 75)
Th is  express ion is to  be s u b s t i t u te d  fo r  K in to  (65) to  o b ta in  the 
Hami l ton ian  f o r  the po la ron  in a un i fo rm  constan t  magnetic f i e l d  
descr ibed by (70) .  In summary, the r e s u l t  is
H =  K,8+ bJ b? * Z. *-h.c.)
9  *  (76)
wl th:
i ? , =  i t  -*• , 0 , 0 )
T* I _g|__
K  "  L c)i?
V  c  T o L / S ) *
(77)
(78)
(79)
c*L *  Be/(me) (80)V
W -  aJc/ ( ^  (81)
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yo ^  2 » 2  / d 3v
(82)
I t  is  sometimes convenient  to  in t roduce  the op e ra to r
a = - ( l / / u )  (K , -? 0> 2- i K 2) (83)
in terms o f  which
m
The opera to rs  a+ and a commute w i t h  a l l  the tr-+ and b~* , and r  v v ’
s a t i s f y  the commutation r u le
[ a , a + ] -  1 ( 85)
f o r  boson c re a t io n  and d e s t r u c t io n  o p e ra to rs .
2
The term K' a lone is the H am i l ton ian  f o r  the Bloch 
conduct ion  e le c t ro n  In the magnetic f i e l d  B w i th o u t  i n t e r a c t i o n  
w i t h  the l a t t i c e  modes. The e igenva lue  problem fo r  t h i s  Ham i l ton ian  
can be solved e x a c t l y  in the form
k,) .
(86)
where k| and k j  are real  cont inuous quantum numbers rang ing  from 
-«  +co an(j where n is  a non-nega t ive  In tege r  quantum number. In  
terms o f  the Hermlte po lynom ia ls  hn (z)  ,
v f e * . , k , ) =
(87)
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ap a r t  from n o rm a l i z a t io n  cons tan ts ,
6 . A P re l im in a ry  Trans fo rm a t ion
i t  is  sometimes convenient to  represent  the op e ra to rs  f o r  
rea l  dynamical v a r ia b le s  o f  i n t e r e s t  in a new re p re s e n ta t io n  
ob ta in a b le  from the o ld  one p r e v io u s ly  used by a p p ly in g  the u n i t a r y  
t  ransformat ion
U, -  e " i x *w ( 88)
where
(89)
One may o b ta in  the f o l l o w in g  r e s u l t s :
Phonon d e s t r u c t io n  opera to rs  » b^ ^  e *V *b^  (90)
Phonon c re a t io n  o p e ra to rs  ^  e (91)
*4  4 *
Tota l  phonon wave ve c to r  =» w £  v b-* b-* —S -* (92)7 v v ^  w
E lec t ro n  coo rd in a te  ve c to r  ^ x ^  x (93)
E le c t ro n  canonica l  wave v e c to r  « K a •f j a  ^  K - w  (9*0
E le c t ro n  k i n e t i c  wave ve c to r  -  K' *  K+(-£wc2 ,0 ,0 )  ̂  K ' -w (95)
•4 ^  ^
To ta l  canonica l  wave v e c to r  » K + w K (96)
To ta l  Ham i l ton ian  ( 76)
H  -  ( K - w ) S +  X I  +  i $ Q l L (  b t f - b? )
(97)
where
W “  C^/wo
<*?. “  Be/(me) (99)
CHAPTER 3 
THE FREE POLARON
I . I n t r o d u c t I o n
When no magnetic  f i e l d  is  p r e s e n t ,  (97) is  c y c l i c  in x.
The t o t a l  wave v e c to r  o p e r a to r ,  K, is  then conserved and can be 
rep laced  by a c-number, k, in (97) to  produce the H a m i l to n ia n  
o p e ra to r
H ( S ) “ ( K “ w )  -*■ b $  b -  "** Y L  “  b $ )
v  ^
( 101)
the  ground s t a t e  o f  which de sc r ibe s  a f r e e  (g round s ta t e )  p o la ro n  
o f  wave v e c to r  k. For s u f f i c i e n t l y  small  k, the ground s ta t e  
e ig e n v a lu e ,  E ( k ) , o f  H(k) can be expanded in the form
E(k) =* Eq + 9 ^ 2 + 0 ( k V  (>02)
The f i r s t  term, Eq , re p re sen ts  ( i n  u n i t s  o f  the energy o f  a
f r e e  p o la ro n  a t  re s t  and is  c a l l e d  the s e l f - e n e r g y  o f  the p o la ro n ,  
(The s e l f - e n e r g y  is a l s o  the exac t  ground s t a t e  e ig e nva lu e  o f  the 
f re e  p o la ro n  H a m i l to n ia n  ( 6 5 ) ,  whose ground s t a t e  e i g e n f u n c t i o n  is  
s im u l ta n e o u s ly  an e ig e n fu n c t io n  o f  the t o t a l  wave v e c to r  o p e ra to r  
w i t h  e igenva lue  z e r o ) . The second term o f  (102) re p re sen ts  ( I n  u n i t s  
o f  ht*)o ) the k i n e t i c  energy o f  a s lo w ly  moving p o la ro n .  The e f f e c t i v e  
mass, m*, o f  a f re e  p o la ro n  a t  r e s t ,  c a l l e d  the po la ro n  mass, may
28
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then be de f ined  by
(g k 2)ho^ = p2/ ( 2m*) , (103)
where
P a <h/u) k  ( ,0/0
is the momentum o f  the po la ron  ( i n  o rd in a ry  u n i t s ) .  One may 
combine ( 102) ,  ( 103) ,  and ( 10*f) to  o b ta in
E(k) » Eq + ( l / / i ) k 2 + 0 (k * )  . (105)
where
H =» m*/m (106)
is c a l l e d  the po la ron  mass r a t i o .  This d e f i n i t i o n  o f  the po la ron  
e f f e c t i v e  mass and the po laron mass r a t i o  w i l l  be re fe r r e d  to  as 
F r o h t l c h ' s  d e f i n i t i o n . ^
Once one o b ta in s  an approx imat ion  f o r  E ( k ) , f o r  small  k, 
then ( 105) p rov ides  corresponding approx imat ions  fo r  the po la ron  
s e l f - e n e r g y ,  Eq , and mass r a t i o ,  j i .  Many such c a l c u la t i o n s  have 
been pu b l ished .  In t h i s  chapter  those p u b l i c a t i o n s  w i l l  be re ­
viewed which meet the f o l l o w in g  c r i t e r i a ;
1. The ideas o r  techniques are a p p l i c a b le  in the presence o f  a 
magnetic f i e l d .
2. The r e s u l t s  which are ob ta ined f o r  the po la ro n  s e l f - e n e rg y  and 
the po la ron  mass r a t i o  are to  be compared to  the r e s u l t s  which w i l l  
l a t e r  be ob ta ined  f o r  the cor respond ing q u a n t i t i e s  in the magnetic 
f i e l d  case.
if 5
The Feynman-Schultz * c a l c u la t i o n  meets these c r i t e r i a  
In a sense, but the d e f i n i t i o n  o f  e f f e c t i v e  mass used by these
30
authors  Is not  th a t  presented above and has not been shown to  be 
e q u iv a le n t  to  i t .  The r e s u l t s  they o b ta in  are In agreement w i t h  
those presented In Sect ions 3 ( f o r  weak coup l ing )  and 5 ( f o r  s t rong  
coup l ing )  o f  t h i s  cha p te r .
3
2. P e r tu rb a t io n  Theory
I f  the c o u p l in g  con s tan t ,  a ,  is  s u f f i c i e n t l y  s m a l l ,  the
In t e r a c t i o n  ( l a s t )  term In (101) can be t re a te d  as a p e r t u r b a t io n .
The f i r s t  o rder  r e s u l t s  are
Eq -  - a  + 0 (a 2) (107)
and fi « I + a / 6  + O(of^) (108)
2 3w i th  a second order  c o r r e c t i o n  o f  -0 .0 l6ar + 0(o; ) to  Eq ,
3. The Lee-Low-Plnes V a r i a t i o n a l  Method fo r  Weak CouplIng^ * * * * * ^
V a r ia t i o n a l  methods have the advantage o f  p r o v id in g  an 
upper bound f o r  the ground s ta te  energy o f  a system. In p r a c t i c e ,  
one most o f t e n  assumes a t r i a l  s ta te  f u n c t i o n ,  as a f u n c t io n  o f  
one or more v a r i a t i o n a l  parameters which are then chosen to  min imize
E f l O -  < y j v t >  •
( 109)
A weak c o u p l ing  v a r i a t i o n a l  approx im at ion  suggested by p e r t u r b a t io n  
theory  ts to  t r y
Yt m U2 % , ( n °)
where 4>q Is the phonon vacuum s ta te  and Uj i s the u n i t a r y  t r a n s f o r ­
mation g iven by
- i % L  h e . ) ,
Ua = e *
( n o
because, w i t h  a s u i t a b le  choice o f  the fu n c t io n  f ^ ,  IJ  ̂ t ransforms 
to  zero a l l  terms o f  H(k) which are l i n e a r  in phonon c re a t io n  and 
d e s t r u c t io n  op e ra to rs .  The same choice o f  f ^  is  ob ta ined  by 
m in im iz ing  ( 109) w i th  respect to  f-* when ( 110) and ( l i t )  are 
employed. A s ta te  fu n c t io n  o f  the form o f  (110) w i th  (111) has 
the f o l l o w in g  i n t e r p r e t a t i o n :  I t  is  the most general form o f  a
s ta te  fu n c t io n  such th a t  the p r o b a b i l i t y  o f  f i n d i n g  Oj phonons o f  
wave vec to r  V j ( phonons o f  wave vec to r  v^ ,  e tc .  is  g iven  by the 
s imple product  form
( 112)
In which case the phonons in the f i e l d  are sa id  to  be s t a t  le t  lea l  1y 
u n c o r re la te d .  S t a t i s t i c a l  c o r r e l a t i o n s  are n e g l i g i b l e  f o r  
s u f f i c i e n t l y  weak cou p l ing .
One f in d s  th a t  under Uj
b -  d> b -  -  i f - .  (113)
V f  V V
I t  Is  then easy to  eva lua te  (109) .  The r e s u l t  is
E (U) = * fl -* £  0+ I f* / £ Z  v (*/♦ f  *),
*  v <11*0
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where
i  = Z v l f j 1
(115)
and 7  -  k -  7. (116)
M in im iz a t io n  o f  (11*0 w i th  respect to  f-* y ie ld s
r  _  I
0  V  | +  V * - 2 ^ - I
(117)
One notes by insp ec t ion  th a t  7  -  7  *  0 f o r  k > 0 so th a t  7  a 0 (1c) 
arid
V \ /  | +  V a
Use o f  (11*r),  (1 15 ) ,  and (116) y ie ld s
(118)
t  =» ( a / 6 ) z  + O ( k ^ ) , (119)
7 -  ( o / 6 ) ( l + a / 6 ) - , £  + o ( k 3) ,  ( 120)
and E(7) » -  a  + (1+a/6)  + O(k^) , (121)
so th a t  the r e s u l t s  f o r  the s e l f - e n e r g y  and the po la ron  mass r a t i o  
are the same as f o r  f i r s t  o rder  p e r t u r b a t io n  theo ry .  The advantage 
o f  t h i s  r e s u l t  Is t h a t  i t  is  v a r i a t i o n a l  so t h a t ,  in p a r t i c u l a r ,  
the exact s e l f - e n e r g y  cannot exceed - a .  That Is
E.l « -  a. (122)
1 exact
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2k.  The Landau-Pekar V a r i a t i o n a l  Method f o r  Strong Coupl ing '
For s u f f i c i e n t l y  la rge  a  the frequency o f  the 
p o l a r i z a t i o n  f i e l d  Is  r e l a t i v e l y  s m a l l ,  o th e r  q u a n t i t i e s  being 
cons idered con s tan t .  The p o l a r i z a t i o n  f i e l d  is  then slow to  reac t  
to  the e le c t r o n ,  which sees a deep and n e a r ly  s t a t i c  p o t e n t i a l  w e l l .  
Such a s i t u a t i o n  can be descr ibed  approx im a te ly  by a " s e l f  t ra p p e d '  
p o la ron  model s ta te  f u n c t io n  o f  the form
Vt = A ( x - y ) * ( y ) ,  (,„)
where Q(x -  y) Is the p r o b a b i l i t y  am pl i tude  th a t  the e le c t r o n  w i l l  
■ ̂
be loca ted  a t  x i f  the p o l a r i z a t i o n  p o t e n t i a l  is  cen tered at  some 
a r b i t r a r y  p o in t  y , and where $ (y )  descr ibes  a p o l a r i z a t i o n  f i e l d  
cen tered a t  y. For the purpose o f  c a l c u l a t i n g  the po la ron  s e l f ­
energy by use o f  (1 23 ) ,  the var  i a t  iona 11 y best  cho ice f o r  <E>(y) may 
be found by m in im iz in g
r  .  < V . I H I K >
w i t h  respect  to  $ ( y ) , where H Is g iven by (6 5 ) .  The r e s u l t  Is
« y ) - u 2* 0 . (125)
where is g iven by ( t i t )  w i t h
3 a
B (126)
S u b s t i t u t i n g  (126) in to  (124) y ie ld s
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£o e>x )  f l  (2) + Z. I f / .
7  (127)
M in im iz a t i o n  o f  t h i s  r e s u l t  w i t h  respec t  to  Q(Z) is not p r a c t i c a l .  
I n s te a d ,  v a r io u s  t r i a l  forms o f  f i ( z ) , i n v o l v i n g  v a r i a t i o n a l  
p a ram e te rs ,  have been used, a l l  w i t h  ve ry  s i m i l a r  r e s u l t s  f o r  the 
s e l f - e n e r g y ,  Eq . A s  a conven ien t  example, which w i l l  be u se fu l
l a t e r ,  the choice
2  \3 / V  - z V / 9
2
( 128)
y ie Id s
v -v V /&  - ‘ v-y
p  =  ( 3 / d )  ( 2 I t )  ,
(129)
(I JO)
and EQ -  -  a 2/ ( 3 i r ) .  (131)
For values o f  the coup l ing  cons tan t ,  Of,  grea te r  than about 
ten ,  t h i s  ( v a r i a t l o n a l ) resul  t  f o r  Eq I s  lower than, and the re fo re  
sup e r io r  to ,  the r e s u l t  o f  the prev ious sec t io n .  Moreover, tha t  
the s e l f - e n e rg y  should go as a  f o r  s t rong coup l ing  ( la rg e  a) Is 
a p pa ren t ly  c o r r e c t ,  Lleb and Yamazaki*'* have determined th a t ,  f o r  
asymtot ica l  I y la rge at, the s e l f - e n e rg y ,  Eq , has the lower bound 
- ( l / 3 ) o f  . Thus, fo r  s u f f i c i e n t l y  la rge  a ,
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-  a n  < E l  < -  a 2/ ( 3  f f ) .
1 exact
( 132)
So, assuming t h a t  goes as some power, p ,  o f  f f  as a  goes t o
i n f i n i t y ,  i t  i s  then  known t h a t  p » 2.
U n f o r t u n a t e l y ,  a t r i a l  s t a t e  f u n c t i o n  o f  the  s e l f - t r a p p e d  
p o la r o n  form (123) is  d e f i c i e n t  in  the  re s p e c t  t h a t  i t  i s  n o t  an 
e ig e n f u n c t i o n  o f  the t o t a l  wave v e c t o r  and, as a r e s u l t ,  is  n o t  
s u i t a b l e  f o r  c a l c u l a t i n g  the p o la ro n  e f f e c t i v e  mass as d e f i n e d  by 
F roh l  i c h .  F r o h i l c h ' s  d e f i n i t i o n  r e q u i r e s  t h a t  the  p o la r o n  energy  
be known as a f u n c t i o n  o f  i t s  (conserved )  wave v e c t o r .  Landau and 
Pekar do c a l c u l a t e  a p o la r o n  e f f e c t i v e  mass c o r re s p o n d in g  t o  the  
s e l f - t r a p p e d  p o la ro n  p i c t u r e .  They o b t a in  a p o la ro n  mass r a t i o
However, the I r  c a l c u l a t i o n  i s  based on a r e fo r m u la te d  d e f i n i t i o n  o f  
th e  p o la ro n  mass r a t i o ,  n* . There Is  no demanding reason t h a t  the 
Landau-Pekar e f f e c t i v e  mass, as based on the  s e l f - t r a p p e d  p o la ro n  
p i c t u r e ,  shou ld  a p p ro x im a te  the  F r o h l i c h  p o la r o n  mass.
The preced ing  s t rong  c o u p l in g  approx im at ion  is based upon 
a t r i a l  s ta te  f u n c t io n  re p re s e n t in g  a po la ron  t rapped a t  a p o in t  y 
and having the form
(133)
5. The H o h ie r -M a rsh a l1 V a r i a t i o n a l  Method*®’ *®
€ ( x - y , y )  “  0  ( | x - y | ) U 2(y )  <X>o {13M
wl th
“ ^ ( ^ ( y ) ^  + h * 0
u2(y) -  « v (135)
where Cl and f *  are given in terms o f  the  v a r i a t i o n a l  parameter j3 by 
(128) and (129) re s p e c t i v e l y .  For the purpose o f  c a l c u la t i n g  the 
po laron mass, the d i f f i c u l t y  w i th  (13*0 is th a t  i t  Is not an e ig e n -  
fu n c t io n  o f  the t o t a l  wave vec to r  o p e ra to r ,  K + w. There do e x i s t ,  
however, l i n e a r  s u p e rp os i t io n s  o f  s ta te s  o f  the form ( 13*0 which
•4 *4
are e ig en fu n c t io n s  o f  K + w, I t  w i l l  now be shown tha t  the t r i a l  
s ta te  fu n c t io n
* )d y e 0
( 136)
Is such an e ig e n fu n c t io n  fo r  any va lue o f  the v a r i a t i o n a l  parameter 
t .  F i r s t  note th a t
U|+* 0 - * o . (137)
where Uj is  g iven by ( 88) .  One can show, us ing ( 1 3 7 ) , ( 9 0 ) , ( 9 1 ) ,
( I 3*0 , and (135) ,  tha t
+  ,-4  r4  .*4 “ 4 -4 — .
U| £ ( * - y , y )  -  4 ( * - y , y - * ) .  ( 138)
Hence, w i th  the a id  o f  ( 78) and (9 6 ) ,  one ob ta in s
(K+w)yt  -  (139)
-  U1®JI +T t  < 1^0)
.. u ik *xp  ,3 -  t t k * z w  -  / t , lX-  U,Ke Jd ze £ ( - z , z )  ( I k l )
*  k ( I * t 2 )
There fore  y  Is an e ig e n fu n c t io n  o f  the t o t a l  wave v e c to r  o p e ra to r ,
- »  “4
K + w, w i t h  eigenva lue k.
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The v a r i a t i o n a l  parameters  t  and ft are de te rm ined  from 
m in im iz in g
p / C ) -  <( V r  1 H I  V i
(1^3)
where H is taken from ( 65) .
The t r i a l  s ta te  fu n c t io n  was used by Hohler (w i th  t  =» 1)
to  c a l c u la te  and ju, Improved r e s u l t s  were ob ta ined  by M a rsh a l l ,  
who In t roduced the a d d i t i o n a l  v a r i a t i o n a l  parameter t .  (The mass 
r a t i o  ob ta ined  by Marshal l  i s ,  in the l i m i t  o f  s t rong  co u p l in g ,  
e x a c t l y  tw ice  th a t  ob ta ined by H o h le r , )  For t  3 1, a t r i a l  s ta te  
fu n c t io n  o f  the form (136) may be in te r p r e te d  as fo l lo w s .  The
-  w
f a c to r  £ ( x - y , y )  Is the Landau-Pekar s t rong  coup l ing  wave fu n c t io n  
f o r  a s e l f - t r a p p e d  po laron cen tered a t  a p o in t  y ,  where in the 
e le c t r o n  coo rd in a te  v e c to r  Is x. The f a c t o r  exp ( I& -y )  is  the 
p r o b a b i l i t y  am pl i tude  tha t  the po la ron  cen ter  w i l l  be found a t  y ,  
p rov ided  the po la ron  cen ter  behaves as a f re e  p a r t i c l e .  The 
c a l c u la t i o n s  are long and compl ica ted  but Invo lve  on ly  commonly 
known procedures. One f in d s  th a t
E(k) =  E0  +  +  O tk 1*)  , (11 ,1 ,)
where
HM
J ~ [ f ]
o « >
2  - x a/ 2 * s T ^ * )
RM= x e
(1**7)
q < * ) =  -  4 & )  "• f 2  <* w + c “ *  * ' w j  •
(148)
(149)
(z f 'O O  =  2 i r ' l / i Q ~ x ^ .
050)
r *
< £ ( * ) - J  $ ' ( y ) d y  ,
*o
(151)
and where the v a r i a t i o n a l  p a ram e te r ,  0  has been re p la c e d  by
0  -  2 / c .  (152)
There s t i l l  remain one d im ens iona l  I n t e g r a l s  w h ich  r e q u i r e  num er ica l  
e v a l u a t i o n ,  f o r  each v a lu e  o f  the  c o u p l i n g  c o n s t a n t ,  a ,  In o rd e r
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t h a t  one may d e te rm in e  the re m a in in g  v a r i a t i o n a l  pa ram e te r  c ( d e f i n e d  
in  (152)) ,as w e l l  as the s e l f - e n e r g y  Eq , and the  e f f e c t i v e  mass 
r a t i o ,  fi. The r e s u l t s  f o r  v a r io u s  v a lu e s  o f  the  c o u p l i n g  c o n s ta n t  
a re  g ive n  In the  f o l l o w i n g  t a b l e .
ipl ing Var t a t lo n a i Sel f Hass
is tan t parameter energy r a t  lo
a c Eo
1 I.96±.01 .776 1.2 l± .0 0
2 2 .02± .0 I 1.59 1.53±.00
4 2 . 22±.01 3.40 2,89±.02
6 2 .59± .0 I 5.59 8 .05± .08
7 2 .87± .0 I 6.92 16.2 ± . 2
8 3 .1 8±.0 I 8.46 33.9  ± .4
9 3.54±.01 10.2 67.4  ± .7
10 3 .90± .0 I 12.2 121 ±1
I I 4.26±.01 1 4 .4 198 ±2
13 4.99* .01 19.5 440 ±3
15 5 . 73±.01 25.** 8**0 ±5
20 7.49±.01 **4.0 2900 ±10
30 11.3 ± . l 97.0 15400±400
The e r r o r s  quoted f o r  n a r i s e  f rom the  s t a t e d  e r r o r  t o  wh ich  th e  
opt imum v a lu e s  o f  the v a r i a t i o n a l  pa ram e te r  c were d e te rm in e d .  To 
w i t h i n  the  accu racy  Im p l ie d  by the  t a b l e ,  no e r r o r  In Eq r e s u l t s  
f rom  t h i s  sou rce .  These r e s u l t s  a re  in  good agreement w i t h  p r e v io u s  
c a l c u l a t i o n s  f o r  a l l  va lu e s  o f  Of ( a l t h o u g h  the  Lee-Low-PInes weak 
c o u p l i n g  r e s u l t s  a re  somewhat s u p e r i o r  f o r  Of s  7) .
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The weak and s t rong  coup l ing  l i m i t s  f o r  the s e l f - e n e rg y
and po laron mass r a t i o  are re s p e c t i v e l y
Eo = - 0 . 7 7 8 <v + 0 ( a 2 )
H -  I + o . 179a + 0(w2)
(153)
(154)
and
EQ -  - (3 ir )_,a Z-3 /2  + 0(a"2) (155)
fi 3 {lot/lit2))** + 0(a2) . ( 156)
In p a r t i c u l a r ,  (156) agrees, to  h ighes t  order in a , w i th  the 
Landau-Pekar r e s u l t  (133) .  Here, however, the r e s u l t  has been 
obta ined using F r o h l t c h ' s  d e f i n i t i o n  o f  e f f e c t i v e  mass and the 
improved t r i a l  s ta te  fu n c t io n  (136). U n fo r tu n a te ly ,  there is  s t i l l  
no demanding reason tha t  the r e s u l t a n t  Landau-Pekar f o r t h  power 
asympto t ic  dependence o f  the po la ron  mass r a t i o  upon ct should 
n e c e s s a r i ly  be c o r r e c t .
CHAPTER 4 
THE POLARON IN A MAGNETIC FIELD
I .  I n t r o d u c t i o n
In  the presence o f  a magnetic f i e l d  the t o t a l  wave v e c to r  
Is  not conserved. The d e f i n i t i o n s  o f  s e l f - e n e rg y  and e f f e c t i v e  
mass r a t i o  which were presented In the p rev ious  chapter  are th e re -  
f o re  not a p p l i c a b le .  By Inspec t ion  o f  (94) through (9 7 ) ,  the x and 
z components o f  the t o t a l  (ca no n ica l )  wave v e c to r  are s t i l l  conserved 
and may be set to  2ero  by r e s t r i c t i n g  f u r t h e r  c o n s id e r a t io n  t o  a 
d e s c r ip t i o n  o f  po larons  whose (ca no n ica l )  wave v e c to r  Is In a 
d i r e c t i o n  ( taken to be the y d i r e c t i o n )  p e rpe n d ic u la r  to  the magnetic 
f i e l d .  With t h i s  r e s t r i c t i o n ,  f o r  f u r t h e r  re fe rence ,  the H am i l ton ian  
(97) ts r e w r i t t e n  here as
(157)
where
o (160)
l
y  » (U ira /s )2 , 
( 161)
and where, In the  l i m i t  as the  ( u n l t l e s s )  n o r m a l i z a t i o n  volume, S, 
approaches I n f i n i t y ,
( 162)v 2TT
In  the appendix I t  is  shown th a t  f o r  a weak magnetic f i e l d  
( t h a t  i s ,  to sma l l )  the lo w - l y i n g  e igenva lues o f  ( 157) are given 
e x a c t l y  by
En -  Eq + ( t / * f )  ( m 4 ) w +  0(0?)  ( ,63 )
rega rd less  o f  the va lue  o f  the po la ron  c o u p l in g  cons tan t ,  In t h i s  
r e s u l t ,  n •> 0 , 1 , 2 , , . ,  and Eq and / j  are r e s p e c t i v e l y  the po la ron  
s e l f - e n e r g y  and mass r a t i o  as de f ined  by F ro h l i c h  f o r  the f re e  
(ground s ta t e )  po la ron  at  r e s t .
A s i g n i f i c a n t  im p ] Ic a t io n  o f  (163) Is th a t  f o r  a f i x e d  
Io n ic  s o l i d ,  in the l i m i t  o f  weak magnetic f i e l d ,  c y c lo t r o n  resonant 
a b s o rp t io n  w i l l  occur in the process o f  e x c i t i n g  ground s ta te  po lerons 
(n -0 )  to  the f i r s t  leve l  o f  magnetic e x c i t a t i o n  (n=*l).  For such a
process ,  the a b s o rp t io n  frequency,  o.'r , may be found ( n e g le c t in g  
po la ron  r e c o i l  energy) by equat ing  the energy, bee,, o f  an absorbed 
photon to  the e x c i t a t i o n  energy (A  e)ho^ ( I n  o r d in a r y  u n i t s )  where, 
from (1 6 3 ) ,
A e = c j - e =* b/ji . (16*0
U sing  (160) and (16*0 ,  one o b ta ins
cor  -  e B / (m * c ) , (165)
where
nr* =* (166)
i s  F r o h l i c h ' s  p o la r o n  e f f e c t i v e  mass.
The r e s u l t  (163) is  p o t e n t i a l l y  use fu l  f o r  the purpose 
o f  c a l c u l a t i n g  the po la ron  s e l f - e n e rg y  and mass r a t i o  s ince  In 
p r i n c i p l e  i t  a l lo w s  one to  determine these two q u a n t i t i e s  by 
approx im at ing  the ground s ta t e  e igenva lue ,  o f  ( 157) to  f i r s t  
o rde r  in ox In p r a c t i c e ,  one may not be c e r t a i n  a p r i o r i  tha t  h is  
method o f  approx imat Ing the d e s c r i p t i o n  o f  a po la ron  in a magnetic 
f i e l d  w i l l  p reserve  the form o f  the exact  r e s u l t  (163) .  in  such an 
approx im at ion  i t  may be a d v is a b le  fo r  one to  c a l c u la te  h i s  a p p ro x i ­
mations f o r  a t  lease and Cj to  check h is  r e s u l t s  f o r  cons is tency  
w i th  the form o f  (163) and to  check t h a t  he o b ta in s  the ra th e r
a c c u ra te l y  known r e s u l t s  f o r  E ,' o
2. The Weak Coupl ing C a s e ^
I f  the i n t e r a c t i o n  ( l a s t )  te rm In (157) Is t r e a te d  as a 
p e r t u r b a t i o n ,  to  f i r s t  o rde r  In a  the r e s u l t s  f o r  the ground s ta te  
and the f i r s t  e x c i t e d  s ta te  are
€ q  =* - a  +  ( a y 2 )  (1  - a / 6 )  +  2 v / 2 k Q  +  0 ( J )f  3  - f t  +o (167)
and
< ,  ■  - a  +  ( 3 / 2 )  (1  - a / 6 ) a; -  / a a ? / ^  +  O ( a ^ ) . (168)
Equation (163) then y ie ld s  the expected r e s u l t s
2
Eq -  -or + 0 ( a  ) (169)
and
2
H ** 1 + ce/6 + 0(of ) ( 1 7 0 )
In accord w i th  what was found in the p rev ious  chapte r .
By an ex tens ion  o f  the Lee-Low-Pines weak c ou p l ing  method 
discussed In the p rev ious  chap te r ,  Larsen has c a lc u la te d  a low 
energy spectrum o f  (157) .  His r e s u l t s  are c o n s is te n t  w i th  (163) ,  
(169 ) ,  and (170) .
3. The Strong Coupl ing Case
approx imate  s ta te  fu n c t io n s  fo r  the two lowest energy e ig en s ta te s  o f  
a s t r o n g l y  coupled po la ron  In a weak magnetic f i e l d .  The t r i a l  
s ta te  fu n c t io n s  to be employed are con s t ru c te d  as fo l l o w s ,  by 
analogy w i t h  H o h le r1s s ta te  fu n c t io n  fo r  a s t r o n g l y  coupled f re e  
po la ron :
where £ ( x - y , y )  is  the Landau-Pekar s t ro ng  c ou p l ing  p r o b a b i l i t y  
ampl i tude f o r  a po la ron  s e l f  trapped a t  a cen te r  p o in t ,  y , and 
where g (y )  is  the p r o b a b i l i t y  ampl i tude o f  f i n d i n g  the po la ron
In t h i s  s e c t io n  an attempt w i l l  be made to  c o n s t ru c t
( 1 7 0
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c e n te r  a t  a p o in t  y. The f a c t o r  £ Is  g iven  by (13*0,  (135 ) ,  (128) ,  
and (129) In terms o f  the  v a r i a t i o n a l  pa rameter  0 .  Whereas, In the 
f i e l d - f r e e  case, H oh le r  takes g (y )  to  be o f  the form f o r  the wave 
f u n c t i o n  o f  a f r e e  p a r t i c l e ,  In the  p re se n t  case g (y )  Is taken t o  be 
o f  the  fo rm  o f  the  wave f u n c t i o n  f o r  a p a r t i c l e  in  th e -m a g n e t ic  f i e l d :
f o r  the ground s ta t e
y_ e” ^ CtV2 fo r  the f i r s t  e x c i t e d  s ta te
( 172)
where to, g iven by (9 8 ) ,  Is p ro p o r t i o n a l  to  the magnetic f i e l d ,  and 
T] Is a v a r i a t i o n a l  parameter .
I t  is  convenient  to cons ider  the t r i a l  s ta te  fu n c t io n  (171) 
a f t e r  i t  has been transformed by the u n i t a r y  t ra n s fo rm a t io n  Uj 
(d e f ine d  in ( 8 8 ) ) .  Use o f  (137) and (138) revea ls  th a t  the t ra n s ­
formed t r i a l  s ta te  fu n c t io n  is
j*d3z g ( z + x ) £ ( - z , z ) .  ( 173)
(T h is  form is  a p p ro p r ia te  fo r  use w i th  the H am i l ton ian ,  t ransformed 
under U j , g iven by (1 5 7 ) ) .  One f inds  th a t  the t r i a l  s ta te  fu n c t io n  
(173) ,  w h i le  I t  y i e ld s  the proper spectrum and the c o r re c t  va lue o f  E^, 
does not y i e l d  the expected r e s u l t  f o r  fi. A re f inement o f  (173) to the 
form
, -  itrujx _z, _
¥ t “  J*d z g (z + tx )e  $ ( - * » * )  (17*0
where t and a  are a d d i t i o n a l  v a r i a t i o n a l  parameters, w i l l
y i e l d  a v a r t a t l o n a l l y  s u p e r io r  r e s u l t  and recover the Landau-Pekar
mass r a t i o  In the l i m i t  o f  s t rong  co up l ing .
i+6
The v a r i a t i o n a l  parameters jS.Tj.CT, and t  are de te rm ined  by 
mi n imi z In g
r =
(175)
where y t  is  taken from (17*0 and H f rom  (157) .  The m i n i m i z a t i o n  i s  
c a r r i e d  o u t  s e p a r a te l y  f o r  the ground s t a t e  and the f i r s t  e x c i t e d  
s t a t e .  The a c tu a l  c a l c u l a t i o n  is  r a t h e r  c o m p l i c a te d ,  but i t  i n v o lv e s  
o n l y  commonly known p recedu res .  The fo u r  v a r i a t i o n a l  pa rameters  
t u r n  ou t  to  be the  same f o r  the  f i r s t  e x c i t e d  s t a t e  as f o r  the 
ground s t a t e .  Moreover ,  f o r  the  optimum va lu e s  o f  the  v a r i a t i o n a l  
p a ram e te rs ,  the t r i a l  s t a t e  f u n c t i o n  f o r  the  e x c i t e d  s t a t e  is  
o r th o g o n a l  t o  the t r i a l  s t a t e  f u n c t i o n  f o r  the  ground s t a t e  (as 
r e q u i r e d  by the v a r i a t i o n a l  p r i n c i p l e ) .  The f i n a l  r e s u l t  Is
E =* Eq + , (1 76)
where
(1  f o r  the ground s ta t e  
6 -  ^
/  3 f o r  the f i r s t  e x c i t e d  s t a t e  , (177)
and where E and ju are given r e s p e c t i v e l y  by (1*6) and (! **6).  The o nn
r e s u l t  (176) e x h i b i t s  the expected form (163) f o r  the spectrum and 
y i e l d s  the proper value o f  the s e l f - e n e rg y ,  Eq . The c a lc u la te d  value 
o f  thfe mass r a t i o  Is e x a c t l y
M “  M ( '  7S)
HM
CHAPTER 5 
CONCLUSIONS
1. Summary
A po la ron  Is a composite p a r t i c l e  which presumably Is 
produced when a charged p a r t i c l e  is  p laced In a p o la r I z a b le  medium.
The po la ron  c o n s is ts  o f  the charged p a r t i c l e  and i t s  se l f -p ro d u c e d  
p o l a r i z a t i o n  f i e l d .  Fo l low ing  F r o h l i c h ,  a Ham i l ton ian  ts developed 
to  descr ibe  the po la ron  which r e s u l t s  when an e le c t r o n  Is p laced In 
the o the rw ise  vacant conduct ion band o f  an i o n ic  s o l i d .  In  
d lmension less form, F r o h l i c h * s  Ham i l ton ian  Is a f u n c t io n  o f  a s in g le  
parameter, a ,  c a l l e d  the po la ron  c ou p l ing  c o n s ta n t ,  whose va lue  
depends upon the p r o p e r t i e s  o f  the io n ic  s o l i d .  A l though the 
p r o p e r t i e s  o f  a conduct ion  e le c t ro n  in an i o n ic  s o l i d  are o f  I n t r i n s i c  
I n t e r e s t ,  I t  is  hoped th a t  I n v e s t i g a t i o n  o f  the F ro h l i c h  H am i l to n ian  
may r e s u l t  In methods which are a ls o  a p p l i c a b le  to  o th e r  s i m i l a r  
problems o f  i n t e r e s t .  For t h i s  reason, the po la ron  c ou p l ing  con s ta n t ,
a .  Is regarded as an a r b i t r a r y  p o s i t i v e  parameter In terms o f  which the 
p r o p e r t i e s  o f  the po la ron  are to  be expressed. The F r o h l i c h  Hami l ­
ton ian  is  then m o d i f ie d ,  by convent iona l  methods, t o  Inc lude the 
presence o f  a un i fo rm  constan t  magnetic f i e l d .
F r o h l i c h ' s  d e f i n i t i o n  o f  the po la ron  s e l f - e n e rg y ,  Eq , and 
mass r a t i o ,  j i ,  are then developed. These d e f i n i t i o n s  depend upon
*t7
1*8
the  f a c t  t h a t ,  when no magnet ic  f i e l d  i s  p re se n t  (and o n l y  t h e n ) ,  
the p o l a r o n ' s  t o t a l  wave v e c t o r  is  conserved .  I t  is shown in  th e  
a p pe n d ix ,  however, t h a t  the (ground s t a t e )  p o la ro n  In a weak 
magnet ic  f i e l d  e x h i b i t s  the  same energy spectrum as w ou ld  be 
o b ta in e d  f o r  a p o i n t  p a r t i c l e  whose s e l f - e n e r g y  Is  equa l  to  th e
F r o h l i c h  s e l f - e n e r g y  and whose mass is  equal t o  the  F r o h l i c h
p o la ro n  e f f e c t i v e  mass.
V a r io u s  methods have been used t o  e v a lu a te  E and u  wheno
no magnet ic  f i e l d  i s  p r e s e n t ,  and s e ve ra l  o f  these methods a re
d iscu sse d  n e x t .  For weak c o u p l i n g ,  the  r e s u l t s  Eq  =» -or and
fX =* 1 + a / 6  are  found ,  f rom p e r t u r b a t i o n  t h e o r y ,  t o  be e x a c t  t o  
f i r s t  o r d e r  in  a .  S i m i t a r  r e s u l t s  a re  o b ta in e d  from a v a r i a t i o n a l  
c a l c u l a t i o n  due to  Lee, Low, and P in e s .  For s u f f i c i e n t l y  s t r o n g
2
c o u p l i n g ,  i t  is  found t h a t  Eq becomes e x a c t l y  p r o p o r t i o n a l  t o  -or .
The c o r r e c t  a s y m p to t i c  dependence o f  p upon a  Is  no t  r e l i a b l y  known.
A v a r i a t i o n a l  method developed by H o h le r  and improved by M a rs h a l l  
i s  found to  g iv e  a c c e p ta b le  r e s u l t s  f o r  Eq and t o  y i e l d  a v a lu e  o f  
p c o n s i s t e n t  w i t h  o th e r  s t r o n g  c o u p l i n g  t h e o r i e s  ( a l l  o f  wh ich  use 
d e f i n i t i o n s  o f  the p o la ro n  e f f e c t i v e  mass w h ich  have n o t  been shown 
t o  be e q u i v a le n t  to  F r o h l i c h ' s  d e f i n i t i o n  and t h e Fro h l l e h - e f f e c t I v e  
mass is  the  one which  wou ld  be measured In a c y c l o t r o n  resonance 
exper  i m e n t ) .
The p rob lem  o f  d e te r m in in g  Eq and Is n e x t  approached f o r  
the  p o la r o n  In a m agne t ic  f i e l d ,  c o n s id e r i n g ,  in  p a r t i c u l a r ,  methods 
w h ich  c o n s t r u c t  e x p l i c i t  a p p ro x im a t io n s  t o  th e  m a g ne t ic  spec t rum  o f  
the  ground s t a t e  p o la r o n .  The expec ted  weak c o u p l i n g  r e s u l t s  may be 
o b ta in e d  from p e r t u r b a t i o n  t h e o r y  o r  from a m o d i f i c a t i o n  o f  t h e
**9
Lee-Low-Pines method which Is due to  Larsen. A s t rong  c ou p l ing  
c a l c u la t i o n ,  analogous to  the H o h le r -M a rsh a l1 c a l c u l a t i o n  fo r  the 
f i e l d - f r e e  p o la ro n ,  is  p resented ne x t .  The proper  form f o r  the 
magnetic  spectrum is  o b ta in e d ,  and the expected value o f  Eq is  
found. The va lue ob ta ined  f o r  / i  agrees w i t h  the r e s u l t  ob ta ined 
by Marshal 1.
2. Exper imental Comparisons
Experimental comparisons would p rov ide  the most d i r e c t  
check on the v a l i d i t y  o f  po la ron  th e o r ie s .  U n fo r t u n a te l y ,  e x p e r i ­
mental data is  seve re ly  l i m i t e d .  There have been no measurements 
o f  the po la ron  s e l f - e n e r g y ,  and the re  Is  no data a t  a l l  f o r  any 
m a te r ia ls  w i th  la rge  values o f  the coup l ing  cons tan t .
In order  f o r  po la ron  theory  to  make any numerical p re ­
d i c t i o n s  a t  a l l ,  the numerical value o f  the po la ron  coup l ing  
c o n s ta n t ,  t t ,  Is re q u i re d .  To determine a ,  by use o f  i t s  d e f i n i t i o n  
(5 *0 ,  one needs to  know the o p t i c a l  r e f r a c t i v e  index, n ,  the s t a t i c  
d i e l e c t r i c  co n s ta n t ,  C,  the frequency o f  l o n g i t u d in a l  o p t i c a l  modes, 
ojq , and the Bloch mass, m. The f i r s t  three o t  these q u a n t i t i e s  are  
known f o r  many Io n ic  s o l i d s  o f  i n t e r e s t .  But the Bloch mass, 
a l though use fu l  f o r  t h e o r e t i c a l  purposes, is  f i c t i o n a l  in the sense 
th a t  one cannot " t u r n  o f f "  the i n t e r a c t i o n  o f  the e le c t r o n  w i t h  the 
p o l a r i z a t i o n  f i e l d .  Any comparison o f  po la ron  theo ry  to  exper iment,  
t h e r e f o r e ,  can o n ly  be a cons is tency  check between two independent 
measurements. For example, one might f i r s t  measure po la ron  m o b i l i t y  
in a p a r t i c u l a r  medium and then c a l c u la te  a va lue  o f  a  by employing
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a theo ry  which expresses the m o b i l i t y  in  terms o f  the c o u p l in g
cons tan t  (assuming the o th e r  q u a n t i t i e s  re q u i re d  to  o b ta in  a  are
known). The c a lc u la te d  va lue  o f  oc might then be used to  p r e d i c t
the r e s u l t  o f  a c y c lo t r o n  resonance exper im ent ,  which r e s u l t
cou ld  then be checked by pe r fo rm ing  the exper iment .
Po laron m o b i l i t y  measurements and c y c lo t r o n  frequency
measurements are the o n ly  two Independent exper iments  which have
been performed on the p o la ro n .  M o b i l i t y  va lues  are a v a i l a b le  f o r
many o f  the a l k a l i  h a l i d e s , ^  a l l  o f  which are found to  have smalt
coup) ing  c o n s tan ts .  C yc lo t ro n  resonance has been ooserved f o r  some
o f  these m a t e r i a l s . ^  The f o l l o w in g  l i s t  g ives  some re le v a n t
20 21numerical  va lues f o r  AgBr, which w i l l  serve an an example: *
w0 -  2 .5  x l o ' ^ s e c " *
f  -  13.1
n2 -  ^ . 6  ( 179)
From (179) and (5*0, one o b ta in s
a  “  ^ . O f m / m ^ .  (180)
M o b i l i t y  in AgBr has been s tu d ie d  e x te n s iv e ly  as a fu n c t io n  o f  
20
tem pera tu re ,  and, us ing (1 80 ) ,  one may es t im a te
m « 0.23 m*
a  -  1.9
^im/m - 0 . 3 1  (181)
by comparing the exper imenta l  r e s u l t s  w i t h  the th e o ry  o f  Low and 
22Pines.
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Brown and A s c a r e l l i ^  have observed c y c lo t r o n  resonance In 
AgBr at  a frequency
tor a x 10* ’ sec ’ (182)
and a magnetic  f i e l d
B => 6650 gauss, (183)
SI nee
0 .̂ => eB/ (^tmc) , (18^)
one f in d s  th a t
ttm/m =* 0 .27 ±  .01 , (185)e
where the es t im ated  e r r o r s  are repor ted  by Brown and A s c a r e l l l .
*
i f  one assumes the weak c o u p l in g  t h e o r e t i c a l  r e s u l t  ft a 1 + a /6 ,
( 180) and ( I 85) lead to :
a  => 1.82
tn =* 0.21m (186)
(The parameter to Is de f ined  in ( 98) and Is used in the expansions 
in Chapter *1, The v a l i d i t y  o f  the expansions re qu i re s  th a t  OJ be 
sm a l l .  From (179) ,  (183 ) ,  and (186) one may eva lua te  to f o r  the 
exper iment o f  Brown and Ascare l  I i . One f in d s  o j ^ O . 0 2 . )
The r e s u l t s  (185) and (186) are in reasonable agreement 
w i th  (181) .  I f  one accepts the values o f  the cons tan ts  n and *  
quoted in (179 ) ,  agreement w i th  o th e r  m o b i l i t y  t h e o r ie s  is  not 
nea r ly  so good. Reported va lues o f  these con s tan ts  va ry ,  however, 
and b e t t e r  agreement w i t h  o th e r  th e o r ie s  is ob ta ined  i f  the va lues 
o f  n and e a re  changed o n ly  s l i g h t l y .
One can conclude o n ly  t h a t ,  a t  p re s e n t ,  exper imenta l  r e s u l t s  
are inadequate to  d i s t i n g u i s h  d i f f e r e n t  po la ron  th e o r ie s .
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3, Concluding Remarks
There are cha l leng ing  reasons fo r  f i n d i n g  the l o w - l y in g  energy 
e ig e ns ta tes  f o r  a s t r o n g l y  coupled po la ron  In a magnetic f i e l d  as was 
a t t e s t e d  in Chapter k. In the f i r s t  p la ce ,  i t  has never been done 
be fo re .  There are s t r i n g e n t  checks by which one may judge such t r i a l  
e ig e ns ta tes  fo r  the case o f  weak magnetic f i e l d s ;  namely t h a t  the 
lo w - l y in g  spectrum must have the form o f  the F ro h l i c h  po la ro n  s e l f ­
energy p lus  the spectrum f o r  a p o in t  p a r t i c l e  o f  the F r o h l i c h  po laron 
mass In the magnetic f i e l d .  The po laron s e l f - e n e rg y ,  E , is f a i r l y  
r e l i a b l y  known fo r  a l l  values o f  the po la ron  cou p l ing  con s tan t ,  a.
The po la ron  mass r a t i o ,  (jit is r o t  r e l i a b l y  known except f o r  weak
coup l ing ,  a l though a consensus o f  v a r io u s  approximate r e s u l t s  would
kin d ic a te  th a t  / i  should be a s y m p to t i c a l l y  p ro p o r t io n a l  to  or . A
c a l c u la t i o n  o f  the lo w - ly in g  spectrum fo r  a po la ron  in a weak magnetic
f i e l d  t h e re fo re  p rov ides  a new and independent approach to  the problem
o f  f i n d in g  the po la ron  mass r a t i o .
There are two p u b l i c a t i o n s  in which e f f e c t i v e  masses o f
s t r o n g l y  coupled po larons in weak magnetic f i e l d s  are c a lc u la te d
( w i th o u t  a t tem p t ing  to  ob ta in  the lo w - l y i n g  energy s ta te s  themselves).
In each case the e f f e c t i v e  mass c a lc u la te d  Is based on a d e f i n i t i o n
p e c u l i a r  to  the approx imat ion  employed w i th o u t  p ro o f  th a t  the
d e f i n i t i o n  used is  e q u iv a le n t  t o  the F r o h l i c h  e f f e c t i v e  mass (which
Is what would be measured in a c y c lo t r o n  resonance exper im en t) .  One
23o f  these is T u lu b 's  c a l c u la t i o n  which y ie ld s  a mass r a t i o  o f  1 + a / 6  
f o r  a l l  a ,  in disagreement w i t h  a l l  o the r  s t rong  coup l ing  r e s u l t s ,
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2kThe o the r  is  due to  H e l lw a r th  and Platzman , who use an extended 
ve rs io n  o f  the f i e l d  f ree  v a r i a t i o n a l  path in te g ra l  method o f  
Feynman and S c h u l tz .  T he i r  r e s u l t s  agree w i t h  the Feynman-Schultz 
e f f e c t i v e  mass, which is n u m e r ic a l l y  approximated by the r e s u l t  o f
Marshal l  (g iven  in the tab le  on page 39).
For the purpose o f  c a l c u l a t i n g  the l o w - l y in g  energy 
spectrum o f  a s t r o n g l y  coupled po la ron  In a weak magnetic f i e l d ,  the 
on ly  method which has been successfu l  fo r  a f re e  po la ron  and which 
seems to  lend i t s e l f  to  ex tens ion  to  the case o f  a po la ron  in a
magnetic f i e l d  is  the H oh te r - type  approach. This method a l low s  one
to  co n s t ru c t  s ta te  fu n c t io n s  based on the I n t u i t i v e  concept o f  a 
composite p a r t i c l e  w i th  f i x e d  s t r u c t u r e ,  the motion o f  whose c e n te r  
is  a p p ro p r ia te  f o r  a p o in t  p a r t i c l e  moving In the magnetic f i e l d .
The re s u l t a n t  t r i a l  s ta te  fu n c t io n s  employed in Chapter k d i s p la y  
many o f  the p r o p e r t i e s  which the exact  l o w - l y in g  energy e ig e n fu n c t io n s  
must possess. They are exact  e ig e n fu n c t io n s  o f  the conserved 
components o f  the p o la r o n 's  wave v e c to r .  (T h is  c o r r e c t  aspect is  
p a r t i c u l a r l y  s i g n i f i c a n t  In l i g h t  o f  the f a c t  th a t  the o n ly  p re v io u s  
trea tment which Is c o n s is te n t  w i t h  the law o f  conse rva t ion  o f  wave 
vec to r  and which y i e l d s  the Landau-Pekar asym pto t ic  dependence o f  fi 
upon ct is  M a r s h a l l ' s  H o h le r - typ e  c a l c u l a t i o n . )  They a ls o  y i e l d  the 
e x a c t l y  c o r re c t  form fo r  the dependence o f  the l o w - l y i n g  spectrum 
upon the magnetic f i e l d  s t r e n g th .  (T h is  achievement Is not t r i v i a l  
s ince  the t r i a l  ground s ta te  and e x c i t e d  s ta te  wave fu n c t io n s  are  
p r o p e r ly  o r th o g o n a l ,  in s p i te  o f  t h e i r  com p le x i ty ,  and both y i e l d
5**
the same values o f  E and u . )o
The r e s u l t  ob ta ined  fo r  E comes out  to  be what one knowso
i t  should be, The r e s u l t  f o r  agrees w i t h  the consensus o f  
p rev ious  work. In  v iew o f  the n o v e l ty  o f  the approach taken and 
In v iew o f  the fa c t  tha t  the t r i a l  s ta te  fu n c t io n s  used do d i s p la y  
a l l  o f  the proper  fea tu res  j u s t  d iscussed,  t h i s  f u r t h e r  agreement 
o f  the e f f e c t i v e  mass c a lc u la te d  p rov ides  a s i g n i f i c a n t  con s is te ncy  
w i th  the b u lk  o f  research on the po la ron  problem.
APPENDIX
I t  Is the purpose o f  t h i s  appendix to  show th a t  f o r  a weak 
magnetic f i e l d  (cc s u f f  i c l e n t  1 y s m a l l ) ,  the l o w e s t - l y i n g  e igenva lues  
o f  the Ham i l ton ian  (157) ,  g iven by
H => Hq + K '2 -  2K' -w (A l )
wl th
and
Ha = W 2  X I  b* bf + LV0  X  'by?),
V  V
(A2)
v5 =  I I  v  t ;  ,
V
(A3)
f t  '  -  i f  ^  ) O ) ,
(A4)
i
V J
(AS)
c n “  EQ + ju ' ( n + i ) tO +  o ( w )  (A6)
have the form
where n *» 0 , 1 , 2 , . . .  and where Eq and jj are the s e l f - e n e rg y  and
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mass r a t i o  o f  a (ground s ta t e )  po la ron  a t  r e s t .  The parameters E^
and / i  are d e f in e d  by
Eo (k )  = Eq + ' k 2 + 0 ( k 2) ,  (A7)
where EQ(k)  is the ground s ta t e  energy o f  the H am i l ton ian  f o r  a
po la ron  o f  wave v e c to r  k, g iven  by
H ** Hq + k2 -  2k-w. (A8)
The p r o o f  o f  (A6) is to  be made independent ly  o f  the magnitude o f
the po la ron  c o u p l ing  con s ta n t ,  a .
The e ig e ns ta te s  and e igenva lues  o f  H , de f ined  by
H0 |E> -  E|E> , (A9)
are not known. I t  w i l l  be assumed, however, th a t  the ground s ta te
IE > o f  H is non-degenerate and t h a t  the e x c i t e d  s ta te s  o f  H 1 o o a a
have e igenenerg ies  separated from i t s  ground s ta te  energy, Eq , by
a f i n i t e  minimum amount o f  A  E. Since H Is i n v a r i a n t  under r o t a t i o na
o f  s p a t i a l  coo rd in a te s  and Eq is  non-degenerate ,  i t  f o l l o w s  tha t
< Eo |V |Eo> - 0 .  (A10)
<E0 | T , , | E 0> -  0 f o r  i f |  , ( A l l )
8nd <Eo l T l l l Eo> ' <Eo l T2 2 l Eo> *  <Eo l T3 3 l Eo > • <A ,2 )
where V Is any v e c to r  and T j j  is  any second rank tensor  w i t h  respect 
to  r o t a t i o n  o f  s p a t i a l  co o rd in a te s .
I f  Sehrodinger p e r t u r b a t i o n  th e o ry  Is en^j loyed, t r e a t i n g  
the l a s t  term o f  (A8) as p e r t u r b a t i v e , the r e s u l t  may be s i m p l i f i e d
by use o f  (A 10 ) , (A 1 1 ) ,  and (A 12) to  y i e l d  (A7) w i th
( A1 3)
where the summation is  over a l l  e x c i t e d  s ta te s  o f  H ,o
P e r tu rb a t io n  theory  may be s i m i l a r l y  employed to  t r e a t  the
la s t  term o f  (A l )  as a p e r t u r b a t io n  to  o b ta in  the e igenva lues  o f
(A l )  as a power s e r ie s  in go. In p a r t i c u l a r ,  to  o b ta in  the lowest
l y i n g  e igenva lues  o f  ( A l ) ,  f o r  small  go, one needs on ly  to  f i n d  the
p e r t u r b a t io n  c o r r e c t i o n  to  the lowest  l y i n g  e igenva lues , *^® ^ ,  o f  
2
H + K' . Since the e x c i te d  s ta te s  o f  H have energy g re a te r  than o o
Eq by a t  le a s t  an amount A  E, independent o f  to, and s ince the e lgen -  
2
va lues o f  K ‘ (a s imple harmonic o s c i l l a t o r  Ham i l ton ian )  are to(n + ^) 
w i th  n 0 , 1, 2 , . . . ,  then
where Eq is  the ground s ta te  e igenva lue  o f  H^, the  s e l f - e n e r g y  o f
2
the  p o la ro n .  (There a re ,  o f  course,  o th e r  s ta te s  o f  Hq + K' o f  
h ig h e r  energy cor respond ing to  e x c i te d  e ig e n s ta te s  o f  Ho , but f o r
The r e s u l t  o f  ap p ly in g  p e r t u r b a t io n  theo ry  and (A10), ( A l l ) ,  and 
(A I2)  to  o b ta in  the p e r t u r b a t io n  c o r r e c t i o n  to  (Al*t) Is
en (A14)
s u f f i c i e n t l y  small  “co, there are many e ig e n s ta te s  o f  lower energy . )
/>* i ]  +  0 ( < o V
(AI5)
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Since E -  Eq i  A  E, the energy denominators occu r in g  in ( A l 5) do 
not van ish as to goes to  zero. The re fo re ,  the terms ±oc may be 
dropped from the energy denominators w i th o u t  a l t e r i n g  the r e s u l t i n g  
c o r r e c t i o n  to  f i r s t  o rde r  In co. Thus
/£> E~E-o
(A16)
which is o f  the form o f  (A6) where Eq is  the po la ron  s e l f - e n e rg y ,  
and where fi Is g iven by (A 13). As was re qu i re d  to  be shown, p  In 
(A6) is  g iven  by the same express ion  (A 13) which was p re v io u s ly  
found f o r  / i  accord ing to  the d e f i n i t i o n  (A7) .
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